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PREFACE 


S far as the Author is aware, there has not been published up to the 
A present time, in a simple form, any method by which the bending 
moments and shearing forces in continuous reinforced concrete beams may be readily 
calculated; and by which, at the same time, the difference in bending moment 
between any two points in a beam may be readily ascertained for the purpose of 
determining the required number and disposition of stirrups or binding in such beam. 

The diagrams and tables given in this book contain all the necessary inform- 
ation to permit of the rapid calculation of the maximum possible bending moments, 
vertical and horizontal shearing forces, and stirrups or binding, for any number 
of equal continuous spans, with any possible arrangement of loading of complete 
spans for all the types of loading generally met with in practice. 

The present method of determining the sections of reimforced concrete beams 
is, at the best, to some extent ‘rule of thumb ;’ and while regulations of various 
governing or influential bodies applying to the calculation of reinforced concrete 
structures do exist, they are guardedly expressed, and are of little use in dealing 
with the majority of ordinary cases of loading met with in everyday practice, 


The recent Report of the Institution of British Architects, for example, 
2 


‘ . . w 
recommends the assumption of bending moments amounting to at the centre 


of the span and at the adjacent supports, where the beams are equally loaded with 
uniformly distributed loads, and are continuous over three or more equal spans. 

The Report goes on to recommend that where the spans are of unequal 
length, or whete the loads are not uniformly distributed, that more exact 
calculations should be made ; but the Report does not make any suggestion as 
to what form these should take, beyond what may be gathered from the 
following extract :— 

‘If the bending moments are calculated by the ordinary theory of continuous 
beams, it should be remembered that the supports are usually assumed level, and 
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if this is not the case, or the supports sink out of level, the bending moments 
are altered.’ 

The statement that the bending moments are affected if the supports are 
not built level is not strictly correct, and the ordinary theory does apply, 
provided that the supports are fitted to the profile of the beam in its normal 
unstrained condition. 

The important questions of the bending moments and shearing forces in 
continuous beams, under point loads, and the increased reactions which occur, have 
not previously received the attention they deserve, in view of the fact that they 
occur in practically every construction which is carried out in reinforced concrete. 

[t 1s hoped, therefore, that the information contained in this book may be 
of considerable use to engineers, architects, and others engaged in constructional 
work, as well as to students, especially in view of the fact that the calculations 


necessary to arrive at the limiting maximum moments and shears for any series © 


of equal spans with any given type of loading are very lengthy and tedious, 
and that the necessary time for making lengthy calculations can generally ll 
be spared in actual practice. 

For the particularly simple statement of the ‘Theorem of Three Moments,’ 
which is contained in Chapter II. and Appendix I., and is believed to be to 
some extent original, the Author is indebted to Mr. E. C. R. Nelson, to whom 
he wishes to express his thanks; as also to Mr. B. V. Richardson, for much 
patient labour in assisting him in the preparation of the diagrams and tables. 


B. G. 


King's Court, Broadway, 
Westminster, S.W., 
June, 1912. 


i 


CONTENTS 


CHAPTER 
I VARIOUS CASES OF SIANDARD SPAN CONJINUOUS BEAMS, AND HE DIFFRRENT ARRANGEMENIS 
Ob SLANDARD LOADING ADOPILD IN DIAGRAMS AND 1ABLES . “ 


II GRNERAL LHYOREM OF IHREE VMOMENIS REDUCED 10 SIMPLE [ORM, AND HAVING GENLRAL 
APPLICA LION ’ ’ . . . . 4 . 


III pbI\GRAMS GIVING BENDING MOMEN1S AND SHEARING IORCLS FOR ALL ASSUMED TYPES OF LOAD, 
\ND FOR BYFRY POSSIBLE ARRANGEMENT OF ASSUMED SLANDARD LOADING , WI1H FREE 
ENDS AT OULSIDE SUPPORTS ; . z 


IV DIAGRAMS GIVING MAXIMUM LIMIIING BENDING MOMENTS AND SHFARS, FOR ANY POSSIBLE 
ARRANGEMENT OF ASSUMED STANDARD LOADS, WITH FREZ ENDS Al OUTSIDE SUPPOR1S 
}RRORS INVOLVED IN CONSIDERING LOADS ON COMPLE1E SPANS ONLY WORKING STRESSFS 


TAGES 


5-84 


IN BEAMS BENDING MOMENTS IN COLUMNS . . . . 85-120 


V, ‘ABLES OF CORRECTIONS FOR REACTIONS WITU LIVE AND DEAD LOAD. WXAMPLFS OF APPLICA- 
TION PROGRFSSIVE EFFECr UNDhR CERTAIN CONDITIONS EFFECT UPON DESIGN OF LEAMS, 
COLUMNS, AND FOOTINGS TABLES CIVING 1HE MAXIMUM LIMITING MOMENTS AND SHFARS 
FOR ANY POSSIBLE ARRANGEMLN1IS OF ASSUMED STANDARD LOADS, WITH FREE ENDS Al 
OUTSIDE SUPPORTS, 1Hh MOMFNTS AND SHEARS BEING EXPRESSED IN TERMS OF PERCINIAGE 


OF FREE BENDING MOMENTS, FTC . 121-140 


VI. DIFFFRENCE IN BENDING MOMENIS AND SHEARS IEIWEEN ANY POINIS IN SPAN, AND THE 
DELERMINALION OF HORIZONTAL SHEAR, AND PROPORTIONING STIRRUPS OR BINDING 


VII LEFEC] OF ENDS OF QUISIDE SPANS OF A SERIES OF BEAMS, BEING FIXED, AND PRACTICAI 
UIILILY 1HERCOF DIAGRAMS GIVING MAXIMUM DENDING MOMINTS AND SHEARING FORCES 


FOR ANY POSSIBLL ARRANGEMENT Of ASSUMED SIANDARD LOADS, WITH FIXED IKNDS Ar 
OUTER SUPPORTS ‘ ‘ 


VIII =succestep FORM OF CALCULATION SHEEIS FOR BEAMS  LABLFS GIVING MAAIMUM BENDING 
MOMENIS AND SHEARING FORCES FOR ANY POSSIBLE ARRANGEMFNI OF ASSUMED SLANDARD 


141 


: 142-175 


LOADS, WIIH FIXED ENDS AT OUTER SUPPORIS ABLES FOR CORRECTIONS FOR REACIIONS 176-192 


IX THE VALUE OF HAUNCILS 10 BEAMS, AND ADVANTAGES TO BF OBLAINED BY IHEIR USE 193-194 


X. THE EFFECT OF SUBSIDENCE OF SUPPORTS, PREVIOUSLY ASSUMED RIGID 195-198 


XI ASSUMPTION OF POWER 10 MEFI1 A GIVEN BENDING MOMENT BY AN INFINITE NUMBER OF 
ARRANGEMENIS OF RESISTING MOMENIS 


XII 1£S1 LOADS ON COMPLE1ED SIRUCIURES 


XII COMPARISON OF RECENr ILSPS CARRIED OU IN AMERICA UPON COMPLELED BUIT DINGS, WILH 
1ABLES AND DIAGRAMS 


XIV, PRACIICAL EXAMPLES OF APPLICATION OF DIAGRAMS AND IARLES 10 ANY sPANS AND LOADS 
REQUIRED IN PRACIICE 


APPENDIX I, 


199-201 


202 


. 203-206 


' 207-208 


209-210 


« inal ptandoroa fart oa 


oe OWE wee) cnet limas-pantsth (j: > 
eo 
=al " Cad - 
a Be weedemuin yas a bales tt 4a rrsntie ta Anseisa al? Hottie ined 
zieol vea ine 
SACD caisicah iceinelt bas sign 96 rel? goien vee. ai watts od I 
gedrat enege Yas | iegorigae od yon baw wight: Ye © age to wadmys yoterny + 
p trriida. 64) 09 salieniin eddod nx oan yorror! weary bveirls oes auntts sacegepon nate 901: eowrit 
suiiier ai torts oly geod: syuis en tomett Se peer zene reat cela yew emae ori) 
, habden a elias b55 42-1 emeigeth mores sd oi eve ny sede oi ctevenben od 


7 snhiginpers ath Mts 
iia digs Brice bere ww2s-etty se set oe anne tus att 1n5T (2) | 
Sorin a totiess ot Ye zireet b. en he wan sift ‘AT fe.) 
bry oi arwingt wae eAT ( 


= 


ie pynettnads at no cage ben al-o eco? iad ye 3 eis} 7 
wt heeuset® wedreust cq falde ecco geclteee gtadet siséts: a eaiyTt 


CONTINUOUS BEAMS 
IN REINFORCED CONCRETE 


CHAPTER I. 


’ NHE calculations involved in determining the sections of reinforced concrete beams are 


necessarily divided into two parts, viz.: 


(2) Calculation of bending moments and shearing forces. 
(6) Calculation of resisting moments and shearing resistances. 


Much has been written about the latter and but little about the former, though the former 
is, if anything, the more important. 
If the assumptions as to the moments and shears are inaccurate to 10/4 or even 20%, it is 
ridiculous to attempt to give great accuracy in the resisting moments and shearing resistances, 
The purpose of this book is to give, in convenient form, the theoretical bending moments 
and shearing forces for all the various types of loading in common use, for equal standard 
spans, and equal standard loads, in the case of 


(1) Beams continuous over two equal spans, 
(2) ” ” three »” 
(3) ” ” five » 


from which the moments and shears may be readily obtained for any number of equal spans 
and any loads. 

The error in assuming that the moments and shears for five spans are the same as with 
a greater number of spans is very slight, and may be neglected; any spans further removed 
from the end support than the third span being treated as being similar to the third span. In 
the same way, also, four spans may be treated as three, though the error is rather greater. 


The moments and shears given in the various diagrams 1-54 and tables 2-8, are based 
upon the assumptions 


(1) That the end spans are free at the outer ends, and all spans are equal. 
(2) That the moment of inertia of the section is constant. 
(3) That the supports are rigid, 


In the case of diagrams §5~69 and tables 9-14 the end spans, on the contrary, are 


assumed fixed and carrying a certain definite bending moment, which is further discussed in 
Chapter VII. 


CONTINUQUS., BEAMS IN REINFORCED CONCRETE. 


: 
Be ree 


Although ithe assumption . of: constant Moment of Inerna is not entirely justified, the 
error consequent upon ‘its hdoption’ i is generally capable of being ignored. 
The cases of loading dealt with are as follows :— 


(A) Dead load of structure only. 

(8) One point load in centre of span. 

(c) Two point loads, dividing the span into three equal parts. 
(p) Three 3 5 5 four BY 

(t) Four ns five rs 

(F) Equally distributed iad, 


In all cases the spans are taken as 100 units and each point load is taken as 100 units, the 
distributed load teing equal to 100 units on each span. 


For example, referring to Diagrams Nos. 40-69, the Free Bending Moment for a detached 
span is expressed as, 1250, 2500, 3333, 5000 or 6c00 Units, as the case may be. 


Taking first case (F) for equally distributed load, 
The Free B.M, is = 


2 
= and since wL = 100 and L = 100 


dat = 190 * 10° = 1250 Units. 


Also taking case (B) for one point load in the centre of the span, 


The Fee! EE ee 25009 Units. 
ae 4 


Notz.—In all cases the load is taken as covering one or more complete spans, 


CHAPTER II. 


, \HE general Theorem of Three Moments may be deduced as follows :— 


cape NE 


Taking any two spans, a and 4, of a series with any loading, first draw the free bending 
moment diagrams, and let m, and m, be their amounts at distances x and z from the first 
two piers respectively. (Fig. 1.) 

Assuming the beam cut through at the centre support, then the bending moment there 
P ; AX 
is = o, and we have the amount of the negative moment at x = M, mar eaten?" and at 

Pe 

Z2>= M, zB oe Mh, 


Now, if we assume the girder joined again, since M, and Mg are fixed by side spans, and 
m, and m, do not depend upon the bending of the girder, the only variable is M,, which by 
the ‘principle of least work” must be such that the work done in bending the beam is a 
> ; : ; au 
minimum, anc therefore if the work done = a, then vy must be = a, 
ald, 
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Let the total negative moments at x and z = M, and M,, respectively, then :— 


M, = M,(*2*) + Mm, 


and M, = M,” + M, ¢ < ) a ile 
The work done in bending the beam = : a (@ x} and the work done in the case 


under consideration equals 


ry ‘(M,) oh cree | 
2E Pit ee pay eet 


Differentiating with respect to M,, and equating with zero, and multiplying by F, we have 


A oe se xX x (ed x) 
a i b A= 2% ' a RS aid z)j iat 


which is the general expression from which, assuming FE. to be uniform, any case can be selved. 
If, however, as is generally the case, the girder is (for all practical purposes) of uniform 
section, | is constant and may be omitted. 
Then, by integrating the expressions containing the pier moments, and bringing those 
affecting the free bending moment diagrams to the other side, we have, after reducing 


f* x d i le a i a4 
M,a + 2M, (a + 8) + Me = 6 ( My AG A) ody My AB s).A6 r) 
x A 


= 6 & bare pF fi « See: Vig, 2 


A i) 


This expression is of the simplest possible form, and is based upon the aSsUMptions 
stated. See also Fig. 2 


Lragram 


J; = Grea of free Ss 
bénaiing (nomen? tet 


2| 


fade wae 


* For detailed proof see Appendix J. 
} ff the reader dees not wish to follow the reasoning, this result may be taken at once, if [ be 
assumed uniform: I signifying the Moment of Inertia of the section, and E the Modulus of Elasticity. 
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CHAPTER III. 


PART from the question of the fixedness of the outside spans where the beams are 
A attached to columns, to which reference is made later on in Chapter VII., the 
question of the calculation of the bending moments and shearing forces must of 
necessity be divided into two parts, one dealing with the ‘live’ or ‘incidental’ loads, and the 
other with the dead loads, or the weight of the structure affecting the beams in question, 
The following diagrams, 1-39, show all the various possible arrangements of assumed 
live loads and for convenience are arranged in order, as follows :— 
Diagrams 1-2 show two spans, for which there are two possible cases of loading. 
” a7 ees three ” ” five ” ” ” 
ra 8-39 ,, five i ~ eighteen ,, = % 
Throughout the diagrams, the loads are taken 1n the order of Case z, c, D, £, and F. 
The dead load diagrams (Case a) are, of course, shown in diagrams of distributed load 
with all spans loaded. =e 
The difference between the dead loads and distributed loads, in Tables 1-12, 1s that the - 
dead loads are taken from the one condition of loading only, + ¢., distributed load on all spans 
at one time, and the distributed loads are taken from the entire number of possible arrangements 
of assumed distributed load with the spans in question, so as to give the maximum possible 
limiting bending moments and sheanng forces, both positive and negative, for the loads assumed. 
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CHAPTER IV. 


DIAGRAMS GIVING MAXIMUM LIMITING BENDING MOMENTS 
AND SHEARS 


OR the purpose of finally designing any given series of continuous beams, it 1s necessary 
to know the maximum positive or negative moments and shears which may be 

, caused by any and every possible arrangement of the assumed load, which 1s hereafter 
called the Maximum Limiting Bending Moment or Shear 

The following diagrams, 40-54, have therefore been compiled from the combination of 
diagrams 1--39. 

The primary diagrams 1-39 will be found useful both in designing beams and columns, 
and also in testing completed work, and show the inefficiency of the tests usually applied, to 
which further reference is made in Chapter XII 

The points of contraflexure having been determined after calculating the pier moments, 
the shears are derived from the new virtual spans and loading 

It will he noticed that the simple free bending moments 1n the diagrams 1-69 are erected 
upon horizontal base lines; and that the base lines of the bending moments derived from 
them are sloping lines 1t has been considered inadvisable to transfer them to a horizontal 
linc again, as the method adopted shows more clearly their detivation, and also enables 
the effect of a subsidence of the supports to be more readily comprehended 

In all the diagrams and tables the positive moments and shears are considered as bung 
those shown above the derived base lines , and the negative moments and shears those shewn 
below By positive moment is meant a moment causing tension in the bottom of a beam, 
and positive moments and shears are referred to by a+ sign, a minus sign — referring to 
negative moment or shear 


ERROR INVOLVED IN CONSIDERING LOAD ON 
COMPLETE SPANS ONLY 

It will be observed that only complete spans are considered as loaded with live load 
If any possible arrangement of loads had been taken, 1t would have been necessary to deal 
with spans loaded in part only, as well as over their entire length The result of this would 
be to increase the number of subsidiary diagrams and calculations to an impossible extent, 
amounting to many thousands, and it has not been considered worth while, in view of the 
very small increase of moments so derived To make this point clear and in order to 
verify the statement, the cases of two and three spans with free ends, and loaded with distributed 
load, have been worked out, and Fig 3 shows the comparison of diagrams of bending moment 
on the two assumptions, the full lines representing the moments due to any possible arrangement 
of assumed loading on complete spans; and the dotted lines representing the moments due 
to every possible arrangement of loading with distributed load 
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“ Curve & Moments for assumed load 
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CONTINUOUS BEAMS IN REINFORCED CONCRETE 


Tt will be seen that the error involved 1s very trifling, amounting to about 5% of the 
3 . 
simple free bending moment sts as a maximum, and that this occurs where 1t is to a large 


extent inoperative due to the contra effect of the dead load 


WORKING STRESSES IN BEAMS 


It will be noted chat the beams undergo considerable changes of amount of stress as 
the arrangement of the loading varies, and under certain conditions very serious changes in 
the nature of the moments and shears have to be borne, which are not in any way covered 


2 
by the ordinary assumptions of ae at the supports and at the centres of the spans, unless 


where there are columns the strength of columns to resist bending is taken into account 

In certain cases, where the live load 1s small in proportion to the dead load, this point 1s 
not of any great importance, but there can be no doubt that in the case of structures designed 
to carry heavy loads, the disposition of which may vary from day to day, or even from hour 
to hour, there 1s considerable risk being run by adopting the ordinary assumptions, and in 
the author’s opinion lower stresses should be adopted 

The following diagrams apply very generally, but it 1s assumed that the intermediate 
columns are acting as props only and as rendering no support to the beams in resisting bending, 
the beams being assumed stiff in relation to the columns If, on the other hand, we assume 
that these columns are able to bear considerable bending moment, we could then considerably 
decrease the range and amount of variation of stress in the beams The author 1s of opinion, 
however, that this 1s inadvisable , and advocates the adoption of full reversal of stress in 
beams due to live load and dead load combined, and that the intermediate columns be 
considered as carrying no bending moment as far as the beams are concerned The outside 
columns, however, must have proper provision made for bending moment as well as duect 
compression , and provision must be made in the beams for carrying the reversal of stress 
in the form of reduced working stresses in the materials * 

The author 1s of opinion that in buildings of the warehouse class, where the live loads 
are great in proportion to the dead load, and where great variation in loading 1s likely to 
occur or may occur, that full reversal of stress due to live load should be provided for, 
and that the working stress in the materials should not exceed for unequal loading— 


12,000 to 13,000 Ibs per square inch 1n steel 
450 1 " concretet 


and where the dead load 1s not less than the hve load, or where reversal of stress does not 


* It is not itended in this book to deal with the question of the proportioning of resisting moments 
of sections, and the reader 1s referred to the many excellent text-books on the subyect, amongst which may 
be mentioned Rem/forced Concrete Design, by Faber and Bowie, in which a full treatment ts given of the 
method of treating members subject to combined tension and bending, or compression and bending, which 
occurs im columns 

7 The reader 1s referred to Claxton-Fidler's Bridge Construction and to Unwin's Machine Design, 
Part I , for discussion of the question of alternation of stress and Woehbler's and Fairburn’s experiments 
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CONTINUOUS BEAMS IN REINFORCED CONCRETE. 


occur, stresses of 16,000 Ibs in the steel and 600 Ibs. in the concrete may be safely adopted 
for unequal loading. 


BENDING MOMENTS IN COLUMNS 


In treating the intermediate columns, if it is desired to give consideration to the bending 
moment in them (although the reduction in corresponding moments in the beams 1s not 
advocated), the column moments may be readily calculated as soon as we know the 
position of the points of contraflexure in the beams; or in other words the leverage with 
which the loads on the columns act 

In the case of one span being loaded and the adjacent span being unloaded, the leverage 
1s the distance of the point of contraflexure in the loaded span from the pier. 

To the stress in the column from the bending moment must be added the direct com- 
pression in the column due to the axial load , and the stress in the column is of course the 
direct stress in compression due to the axial load + the stress caused by bending, the latter 
stress being found by the ordinary formula, 


Stress = ~ where M = moment. 


y = distance from N. axis to extreme outer 
surface of column. 
and I = moment of inertia of section of column 


There are in general four cases to give the nature of the moments and shears in the 
column. 

(a) One floor Column fixed at top and free at bottom. 

(4) ” ” ” », bottom, 

{¢) Two floors or more. __,, is ‘£ » both floors loaded unequally in 
same direction 

(d) 7 - ‘ey be ra ss both floors loaded unequally in 
opposite directions, 


The bending moments induced in the outer columns depend upon the stiffness and 
length of column, and stiffness and span of beams, and proportion of total load to dead load, 
and also upon the method of fixing the ends of the columns. 
¢ Total Load 

Dead Load 


For ratios o up to 4, the bending moments 1n the columns (when the beams 


are carrying equally distributed load) can be sufficiently accurately expressed in terms of W L, 
as follows -— 
Let W = Total load on beam 1n Ibs , dead and live combined 
L = Span of beam in inches 
I, = Moment of inertia of column 1n inch units. 


Length of column in inches 


1, = Moment of inertia of beam in inch units 
pan of beam in inches. 


RR 


CONTINUOUS BEAMS IN REINFORCED CONCRETE. 


. Table No. 1. 


FOR SINGLE LENGTH OF COLUMN, BOTH ENDS FIXED. 


RATIO i: x4 BM in Outer CoLumn 
b 
0 25 0 0058 WL 
O5 oou7 WL 
075 | oor75 WL 
10 00233 WL 
I 25 | 00292 WL 
pf \ 0035 WL 


pole tect see cane Ri aa seat eh 2 tht BR te 


For intermediate length of a flight of columns x BM in Table by 15 
For single length of column, bottom end free x BM 1n Table by 0 75 


Any intermediate values may be taken between the figures given in the Table 

If it 18 required to find the eccentricity of load in inches this may be obtained with sufficient 
accuracy by dividing the BM. in the column by 45% of the total load on the outer 
span of the beam; that is to say, by assuming the outer end of the beam to be freely 


: : : Total Load . 
supported. The error in the foregoing Table is on the safe side for small ratios of Desd Load? 


and 1s not more than about 5 per cent. deficient when the ratio 1s 4 for mits of 41, up tor, 


] 
beyond which value it 1s again on the safe side. : 
Attention is drawn to the fact that if reduction in the theoretical moments in the beams 
is made on account of the abilitv of the column to resist bending, it is not then sufficient to 
consider the columns as carrying direct load only; but they must be proportioned to carry 
bending moment as well, and the stress in the column in the case of unequal load may 
occasionally exceed the stress due to direct load even with the building fully loaded 
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CHAPTER V. 
REACTIONS 


N connection with the use of the tables 2-8, it will be seen that the loads put upon the 
i columns or supports from main beams, and upon main beams from one secondary 
beam, may exceed the actual amount of load upon any one span of main, or 
secondary beam, as the case may be, if all the supports are assumed mgid. 
After taking the limiting bending moments and shears for any particular span and load, it 
will be necessary to multiply the results by certain multiples as given in tables 2-5 and 12-14, 
since the bending moments in the beam are a function of the load upon the beam The 
amounts of these multiples vary with the type of loading, and are derived from that position 
or positions of loading which give the maximum average reactions from any two adjacent 
spans, the dead load and live load being considered separately. 


LIVE LOADS. 


Considering now the conditions of loading necessary to produce the maximum reactions 
from the live load, and taking for example the Case & (Chapter 1.), the following cases 
occur :— 


CT 
Maximum Reaction at | Maximum Reaction at | Maximum Reaction at 
Ne. of Spans, Outer Supports | Pier No. 1. Pier No 2 
Two Spans loaded 1 | Spans loaded 1&2] Spansloaded - - - 
Three do do 1&3] do do 2&3 do do --- 
Five do do 1&3 
orl, 3,4,&5 do do 1,2,4,&5 do do 1,3, &4 


It will be readily seen from the foregoing that it would be almost impossible to have all the 
floors loaded at the same time with the same peculiar irregularity of lve load; and the 
condition is certainly not one which need be allowed for in designing the columns of a building 
with several floors, except perhaps in the case of a building having two spans only in cross 
section, with two spans of beams longitudinally, when the full increased reactions should be 
taken into account for the building fully loaded. When we consider the beams, however, both 
main and secondary, the question becomes more complicated, as will be seen from the following 
examples, in all of which examples the loading 1s taken as being that given in Case z, Chap. I, 
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CONTINUOUS BEAMS IN REINFORCED CONCRETE. 


MULTIPLES FOR REACTIONS—FREE ENDS. 


Reactions are expressed in terms of percentage of the full load on one span in Cases a and 
F, and in percentages of one point load in the remaining cases, B, c, D, and z. 


Two Spans. Table No. 2. 


Cask Lop. | OUTER SUPPORT PIER I 
| 
125 


A Dead load © 375 

B One point load © 495 . 1 38 
c | Twos,” wv : 0 837 . 2 66 
D | “AREOD 55 ss 1 286 | 4 

bg Féar. 055 Sis 14 52 
F Distributed ,, 0 437 1 25 


Three Spans. Table No. 3. 


CasE LoaD OUTER Supporr PIER 1 
A Dead load o4 Ir 
B One point load 0 425 t 315 
c Two ,, ad 0 895 252 
D Three.;5:—is I 315 | 375 
E BOUGt oie) ne 1 755 492 
F Distributed ,, 0 445 | 1 20 


Five Spans. Table No. 4. 


Case | LoaD OUTER SUPPORT | PIER 1 PIER 2 
A Dead load 1 135 o 98 
E One point load I 32 1°25 
c wo?" 755 2 64 2°43 
D | Three 4 51 3 67 
E | ourhe,.0 0s 5°04 475 

| 


Distributed ,, 


CONTTNUOUS BEAMS IN REINFORCED CONCRETE 


Example 1 —Fuirst of all consider the main beams, in the case of two spans of sccondary 
beams spanning across the cross section of a building, with a central row of main beams of two 
equal spans, running along the building at right angles to the secondary beams, cach bay being 
loaded with four secondary beams 

In this case it 1s possible to increase the load coming upon the secondary beams from the 
slabs, with all spans loaded, by about 13 per cent on the end row of secondary beams, the 
remaining rows of secondary beams have reactions slightly less or not moie than the orginal 
100 per cent 

The fact that in the end spans of the outer row of the main beams tt 1s possible to make 
the loading unequal, due to the end row of secondary beams being more heavily loaded than the 
inner rows, causes the assumption of regular and even loading on any span to be in error This 
is important perhaps in the case of main beams loaded with one point load , but may be 1gnored 
in other cases 

With both spans of secondary beams loaded over the whole cross section, the reaction on 
the main beams ts increased by 25 per cent 

The central colamn load should therefore be multiphed by 1 25 x 1 3, or a total of ¢ 62, 
a very serious increase over the ordinary assumption of equally distributed load with freely 
supported spans, in this particular case * 

It has been shewn that it 1s possible to have cases in which this increment of reaction is 
plogressive in effect, and the amount varies with the particular arrangement of beams As 
soon as we have a greater number of spans, we shall find that the increase 1s smaller in amount 

Example 2—Consider next the case of a building similar in cross section to the last, but 
having an extra span of main beams 1unning along the building, or three spans of main beams 
altogether 

Firstly, 1t1s possible to increase the reactions from the slabs on to the end row of secondary 
beams by about 13 per cent , as before 

The maximum reaction from the secondary beams on to the main beam 1s obtained by 
loading the full cross section, the increase being 24 per cent 

If we consider the two end»bays of main beams to be fully loaded, that 1s to say with five 
bays of slab at cach end across the full cross section, 1t will be found that this condition of 
loading gives the maximum + BM in the centre of the outer span, and also the maximum 
—BM in the centre of the centre span 

If we consider the building with two-thirds ot the length loaded across the full cross 
section, it will be found that this produces the maximum —B M_ at the pier in the main beams 

It 15 therefore necessary in designing the main beams to increase the load to the extent 
of 25 per cent 

We shall find that the last-mentioned condition of loading produces the maximum 
reactions on the columns, and in designing the columns therefore, the load should be multiplied 
by 125 x 125, or I §37. again a very sertous increase over the oidinary distmbution of load 
for free spans. 

Example 3.—Consider next the same cross section of building, but with two more bays 
of main beams, making in all five spans of main beams 

* This figure of 1 3 1s obtained from Table No 2 by taking the figure of 5 2 for Case 8, and 
dividing by 4, since there are 4 point loads on one span 
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CONTINUOUS BEAMS IN REINFORCKD CONCRETE 


We shall now find that the maximum reacticn in the end columns, with bays 1,2, 4,and 5 
loaded across the full cross section, must be multiphed by 125 x 1 26,or 1575, on the 
inner columns the maximum is a slightly smaller amount, viz , 1 484 

The excess of load on the main beams must be taken as 25 per cent as in the last case 
The cases which we now have considered so far arc all reasonably possible, but as soon as we 
increase the number of bays in cross section, however, the results aie very different 

Example 4.—Let us assume the same arrangement as in the last example, but with a 
further bay of secondary beams in cross section, making three bays of secondary beams and 
five bays of main beams 

Considering first the reactions from the secondary beams upon the main beams, the 
condition of loading to give maximum reactions 1s for bays 2 and 3 in cross section to be loaded, 
giving an increase of 21 per cent of load 

Next consider the conditions of loading upon main beams to obtain maximum reactions upon 
columns at the ends 

A reasonable case to allow for, 1s with bays 2 and_3 in cross section, and bays 1 and 2 of 
main beams loaded . when the load on the end columns must be multiplied by 1 503 

In designing the secondary beams they should be considered as having no increment ; and 
in designing the main beams st is reasonable to allow for 21 per cent increased load 

Example 5 —If we now consider a building with the floors arranged on the same system 
as in the last example, but with 5 or more bays ot secondary beams 1n crass section, and with - 
5 or more bays of main beams, and with 16 or more columns, we have far less serious increases 

In order to obtain the maximum reactions upon the main beams, it 1s necessary to load 
bays 2,4, and §1n cross section, or load bays 1, 2, 4, and 5, which give nearly the same 
resulting amount of reaction 

The condition required to produce maximum reaction of main beams upon the columns 1s 
also with bays 1, 2, 4, and ¢ (longitudinally) loaded ' 

This requirement produces such a peculiarly elaborate system of loading as to be quite 
beyond the limits of reasonable probability, and need not be allowed for 

The case of the two adjacent bays 1 and 2 of the secondary beams loaded 1s, however, a 
reasonable one, and gives 21 per cent increase of reaction upon the outer main beams 

While this increase of reactions may reasonably be used for the purpose of calculating the 
beams, it should not be used for calculating the columns, since these critical cases of loading are 
hardly likely to occur at the same time, but what does appear reasonable, however, 1s to assume 
all five spans of main beams loaded with 21 per cent excess, and the maximum B M 1s then 
found to be Jess than the possible loading as shewn in the diagrams 40-54, by about 9 per 
cent , and 1t would be sufficient, therefore, if the bending moments in the main beams were 
designed from the Table No 8, after multiplying the load by 121 x 091, 0r a total of 1 to. 
With the same conditions of all five spans of main beams loaded, the maximum loads on the 
outer row of columns become as shewn in Table 5. The loads on the inner row of columns are 
again for the condition of all 5 spans loaded longitudinally, but bays 2 and 3 only tn cross section 


GENERAL REMARKS—LIVE LOAD 
In the opinion of the author, the question of the increase of the reactions 1s one a 
should always be carefully considered for every building ; and certainly i the case of Examples 
1-5, as described, should be allowed for. : 
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CONTINUOUS BEAMS IN REINFORCED CONCRETE 


In choosing the lve loads to be allowed on a structure, it 1s usual to make them large 
enough to cover contingencies , and the individual designer must settle for himself whether it 
1s necessary to make an cxtra, allowance on the loads to cover the increase of the reactions , 
this allowance certainly being advisable in many cases : 

With any number of spans above 5, in cither direction, it does not seem to be necessary to 
allow for any appreciable increase 

As far as the columns are concerned, 1t does not seem to be necessary to consider any 
increase in the live loads if the structure consists of three or more floors; but 1n the case of 
one floor it 1s essential, and the allowance might be decreased with the number of floors, except, 
perhaps, in the case of Example 1, where it would be reasonable to take the full increase due to 


all the floors heing loaded 


DEAD LOAD 

The foregoing remarks apply only to the hive load, and the results are very considerably 
modified 1n most cases by the effect of the dead load The neutralising cffect of the dead 
load is dependent upon the proportion of dead to live load in any particular case. 

In certain cases there will an increase from the slabs on to the secondary beams, and from 
the secondary beams on to the main beams, and fiom the main beams on to the columns, all 
these increases being progressive in effect Referring to the columns we shall find that the 
dead load 1s increased on all floors, and the corrected reaction, therefore, should be applied 
to the ordinary distribution of load for free spans, no matter what the number of floors may be 

Summing up the loads to allow, we arrive at the multiples in | able V , which should be 
apphed to the ordinary distribution of Joads for free spans, to obtain the designing loads 


FOOTINGS 

When considering the size of the footings, and the permissible pressure on the ground, 
and the danger and seriousness of any appreciable settlement, increased loads should be allowed, 
or decreased ground pressure, whichever is preferred 


GENERAL REMARKS ON REACTIONS 


It may reasonably be assumed that the increase in column loads 1s met by the increase in 
strength of the concrete with age, before the time when the building 1s in full use and liable to 
the loading assumed in the Table 5 —that 1s to say, provided about six months at least has 
elapsed after placing the concrete in position 

In the opimon of the author, specifications should give different unit loads per square foot, 
for the calculation of slabs, secondary beams, main beams, columns, and footings , these 
variations being on somewhat similar lines to the figures now put forward, and determined for 
each particular building. 

Referring to the secondary beams in Examples 1, 2, and 3, the maximum reactions on the 
main beams occur at the same time as the maximum B M. in the secondary beams , and for 
this reason the end row of secondary beams might reasonably be taken as carrying increased 
loads, as shewn, provided that the slab 1s freely supported at the ends of the outer spans If 
the ends of the slabs are fixed then this allowance will not be necessary 
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CONTINUOUS BEAMS IN REINFORCED CONCRETE 


When, however, as in Example 4, the maximum B M_ in the secondary beams does not 
occur at the same time as the maximum reaction on the main beams, there does not seem to 
be any necessity to increase the loads on the end row of secondary beams. 

This remark apphes also to Example 5. 

The examples discussed have all been with one particular arrangement of beams, but 
with different arrangements of beams these results will be slightly altered, and it 1s an easy 
matter to effect the required alteration 

The question of possible increases of reactions has been discussed at considerable length, as, 
in the opinion of the author, they are, under certain conditions, quite possible without sensible 
error, and should be allowed for, when the supports are assumed mgid, and the beams are 
sufficiently stiff to justify this assumption When the supports of any beam or column are less 
stiff than assumed there will, of course, be smaller increases than those given, but as long as 
there 1s any negative moment at all at the support there will always be increase of reaction 

The assumption of free ends to the end spans will give results which are on the safe side 
so far as the intermediate reactions are concerned ; the effect of fixing the outer ends being to 
transfer more load on to the outer supports, and to reduce the loads on the intermediate 


supports. 


TABLES GIVING BENDING MOMENTS AND SHEARS. 


The following tables, Nos. 6-8, have been compiled from the diagrams 40-54, and 
give the bending moments and shearing forces at equal distances along each beam for all the 
assumed cases of loading , and for two, three, five, or more equal spans, with free ends. 

The bending moments are expressed in units in terms of the percentage of the free bending 
moment which would be induced in a similar span, freely supported at both ends, and subject 
to the same loading. This 1s referred to hereafter as the ‘ free bending moment’ 
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Table 
Two Spans. 
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No. 6. 
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Bending Moments ; and the Shears in percentages of the total load on one span in 
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Three Spans. 


The Bending Moments are expressed in terms of percentages of the Maximum Free 
Cases s and F; and in percentages of one point 
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CHAPTER VI 


EFERRING to Tables 6-8, we find by subtraction the difference in bending moment 
R between any two points at regular distances apart throughout the span of the 
beam, expressed in percentages of the free bending moment at the centre of 
the span 
The case of the horizontal shear in the beam, which has to be transmitted through the 
concrete to the tension steel, and the necessary provision for the same, 1s somewhat similar to 
the case of a plate girder, where, 1n order to determine the horizontal shear, we divide the 
difference in bending moment between any two points in the beam by the effective depth of 
the girder between the centres of gravity of the flanges, the result being the amount of the 
horizontal shear which has to be taken up by rivets between those points in transmitting the 
load from the web to the flanges 
In the case of the concrete beam, having obtained the required percentage difference 
from the tables, we multiply it by the free bending moment for the given span and load, 
and we get the required amount of bending moment developed between the two points 
Calling this amount A, and the effective depth of the beam from the centre of gravity 
of the steel to the centre of compression of the beam d, and the horizontal shear S, we have 


Calling the safe stress in the steel in shear f, and the required area of steel between 
the two points in thesbeam, g, 


S 
bgt 
which gives the required area of steel in the form of stirrups or binding to resist the 
horizontal shear between the two points 
In the foregoing, no account 1s taken of the strength of the concrete to resist shear, 


which under the higher mits of stress 1s a very doubtful quantity, and should be ignored 


If 1t 18 required to take into account the strength of the concrete, 1t should be allowed for 
as follows :— 5 


Calling the breadth of the beam 4, 
par S — 60 bp 
f 

the safe shearing stress in the concrete being taken at 60 lbs per sq inch in the formula 

In the case of T beams, it should be noted that 4 in the above formula can only be 
taken as the width of the mb of the T beam and not the width of the flange * 

The resistance of the concrete is usually small, and for high stresses it 1s safer to ignore 
Its amount of course 1s dependent upon whether we are considering tension or compression. 
The work done by the concrete 1s usually so small in comparison with the work done 
by the stirrups in resisting shear, and the effect of displacement of the stirrups 1s so serious 
that it 1s advisable to space them rather closer than calculation demands 


It 


* This ts true when dealing with the difference in tension, or if the Neutral Axis comes below the 
bottom of the slab If dealing with difference in compression when the Neutral Asus falls within the 
slab, then_the width“of flange of T beam can be substituted 
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CHAPTER VII. 


N the case of the ends of the outside spans of a series of 

continuous beams being fixed, by columns or other means, 

a negative bending moment is caused in the heam at the 

outer end, the amount being depende-t upon the span and stiffness 
of the heam, as well as upon the stiffness of the column, &c, 

It is not possible to lay down any simple formula having 
general application to such cases, and as, under any conditions, 
the reduction in the section of the beam can only be secured at 
the expense of a corresponding increase in the section of the 
column, it is questionable whether it is of any advantage to 
consider a negative bending moment at the outer end due to live 
loads of greater amount than will reduce the positive moment of 
the beam in the outer span to about the same amount as the 
positive moment in the adjoining span. This equals a reduction 
in the free bending moment of a2 maximum of about 20% in Case 
¢ and a minimum of 157% in Case p. 

As far as the dead load in Case a is concerned, this is reduced 
about 21%. 

Except in the case of the dead Joad, the positive moments in 
the various spans ate approximately equal (within an error of 
under 5%), and the beams could therefore be kept of the same 
section throughout, and with equal spans between columns this 
might be of some practical advantage. 

With reference to the negative moments at the piers, there 
is a reduction of about 10-1254 of the moment at the first pier, 
and a slightly smaller reduction at the centre pier, the difference 
hetween the moments at the two piers being very much reduced, 
the maximum difference being less than 3% for the cases of live 
load and 9% for dead load. 

This would be equivalent to raising the hase line of the B.M. 
diagrams at the outer supports and slightly raising or lowering it 
at other points; as is shown in Fig. 4, which has the bending 
moments for free and fixed ends plotted on the same hase line, 
to show the change under one case of loading; the fixed end 
diagram being shown in full lines, and the other in dotted 
lines. 

The actual amount of the negative bending moment which 
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CONTINUOUS BEAMS IN REINFORCED CONCRETE. 


we decide to allow at the outer columns being put into the general formula in place of M,, 
which has been assumed = 0, the new bending moments, &c, are then calculated * 

In the case of secondary beams, however, it must be borne in mind that in the ends ot 
buildings 1t frequently happens that some only of the beams run into columns, and the others 
into main beams spanning between the columns 

The assumption of an appreciable amount of fixedness of ends 1s not justifiable, therefore, 
in the case of those running into main beams, owing to the twisting moment put upon the main 
beam, and is of no great advantage in the case of those running into columns, though in all 
such cases a certain amount of negative moment should be allowed for whether the positive 
moment is reduced in consequence or not 

In the chapter on Haunches to Beams it will be seen that the maximum reduction of 
20% of the positive free bending moment corresponds to a negative moment at the ends of the 
outside beams of about 40 % of the free bending moment which 1s nearly covered by the 
bending moment at the commencement of the haunch, and is more than covered by the haunch 
at the column, and :f, in order to keep the same centering as for the inner spans, we were to 
add similar haunches at the outside columns, we should have provided the necessary resisting 
moment there, and at the same time improved the conditions of bending moment in the outer 
columns This haunch ts advisable in all cases, for other reasons 

Speaking generally, therefore, st is not advantageous to take more than 40 of the free 
bending moment at the outer ends, and the columns or anchorages must be checked to ascertain 
whether they are capable of taking up the bending moment induced tn them, and must be 
strengthened if necessary 

The following diagrams, Nos 55-69, for two, three, or five spans and upwards, have been 
compiled from diagrams similar to diagrams 1-39, but with an assumed negative moment round 
the ends, amounting to 40 % of the free bending moment. 


* See pages 3 and 4, and Appendix I 
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Pointin' ~ B.M. ~ B. M. 
i Dead. Live. 


~ BM. }+ B.M. + BLM. | + B. M. |- Shear ~ Shea 
Total. Dead, Live. Total. Dead, , Live. 


° ° 46,400 
© | 267,000 768,090 1,872,000 38,800 
one i Bs nee T9,000 
2 i 534,000 ° 975,000 i 2,680,000 3,65 §,000 ° i 4,520 13,200 
= : = = te nee ah ° 4,520 14,400 
= j sis = — a Sala _- _ 
a ae = ae Sa = o | 4820 17,600 
° : 06,090 | 180,000 | 626.000. 2,285,000 | 2,911,000 ° 4,520 37,509 
eh i — =. = = = 41,600 
>a ee 43,600 
252,000 | 1,075,000 33,800 


4,355,000 


4,355,000 : : i 
= ag ‘eae ‘ | ae Om 20,100 


Pier 1 1,260,000 i 3,095,000 


Pier 1 . 1,260,009 | 3,095,000 


o1 = = 
omg i 
oz 24,100 
ote Spe SS op 15,400 
Sa ot wee fae = ee 17,400 
o'35 ae 
o%4 31,200 
o'4 ae 
Lt an pe 
04 
of 28,100 
jes ami 30,200 
ors 32,000 
008 
0°25 34, 
o2 1,319,090 o 1,055,090 876,000 | 19,Qu0 24,900 
my os — 
i = ts 20,700 
Pier 2: 3.832,000 
o 
Pier 2 | 3,832 G00 
21,500 
o'! 
1 27,300 
Ooms — — 
i i 29,300 
o'2 o 1,018,000 | 1,018,00c 9  1,£§0,000 o | 41,300 | 29,3 
11,c00 | 25,200 } 34,200 
o25 : ich { — ee ae 
asa A,e00 | 25,200 | 33,200 
Otel ve inte qabestoal si) & | o 
og 5 =f | a 
oq ° j 1,018,000 493,009 | 2,100,000 zi 
Pay MO cae Sake i " 7,300 


1 
i 1,018,000 555,000 | 1,976,000 


i y omitted i above. See Chap V. 
Notge.——The necessary corrections for increased reactions have been purposely omitted in the above. Pp 
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CHAPTER VIII 


SUGGESTED FORM FOR CALCULATION SHEETS OF BEAMS 


, CONVENIENT method of collecting the various determining figures for the com- 
A putation of the section of a beam 1s as shewn in Fig 5, and this table will be found 
to go very conveniently into an ordinary foolscap book, sideways, down two pages 

The figures shewn in this Fig 5 are those assumed in Chapter X1V 

By this means al] the required information 1s capable of being inspected at one time, 
and although it may appear at first sight to be rather unnecessary elaboration, it will be found 
to be ultimately of very real advantage from the point of view of the facility with which the 
figures can be checked, and in the case of a member of a structure which 1s repeated many 
times, a little extra care 1s amply repaid, if even only a small economy can be effected in the 
member 

In addition, 1t serves to shew the effect of the dead load as compared with the live load » 
and shews to what extent it offsets possible change of sign of moment due to hive load The 
maximum moments, both positive and negative, at any point, are shewn; and this inform- 
ation 1s necessary, besides serving to shew how far it is economical to use steel in compression 
for resisting any given moment The'steel stressed in tension for a given positive moment 15 
stressed 1n compression under a negative moment at the same point in the span The difference 
in bending moment betwecn any two points in the span 1s obtained by inspection, and the 
stirrups can be readily proportioned to resist shear as previously explained , the vertical shears 
being also given at any point 

The amounts of the moments and shears givesin Fig 5 are for 5 spans, with free ends at 
the outer supports Where a small amount only of fixedness of ends ts allowed, the necessary 
negative moments and shears can be put into the above figures without much error 


TABLES GIVING BENDING MOMENTS AND SHEARS, 
FIXED ENDS, 4o per cent 


It will be observed that the foregoing diagrams 40 54 and 55-69 are arranged so as 
to give the required moments and shears at points equidistant along the span, the beam 
being divided into ten parts, and that in the tables 6-8 and the following tables 9-11 each 
of these lengths 1s again subdivided, making a total of 20 parts in each beam 


TABLES OF REACTIONS, FIXED ENDS, 40 per cent 


The tables, numbers 12-14, give the reactions from any series of beams, and the reader 
is referred to Chapter V for further information on this question, 
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Two Spans. 


of the Maximam Free 


The Bendmg Moments are expressed in terms of percentages 


Cases a and ¥, and in percentages of one point 


Dead Load, i Point Load. 2 Point Loads. 
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No. 9. 
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Bending Momenr; and the Shears in percentages of the total load on one span in 


Joa! in the remaining Cases 3, c, p, and &. 
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ao 40 ©'434 1*48 ‘ 40 4 w54s | "O55 4° 40 O82 o48 
so ray qh of 1y8 i Ftc 10 : 285 : 77Q55 gr-2 8 i O'1k2 o406 
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Table 
Three Spans. 


The Bending Moments are expressed in terms of percentages of the Maximum [ree 
Cases a and ¥; and in percentages of one point 
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MULTIPLES FOR REACTIONS—ENDS FIXED 40% 


Reactions expressed in terms of percentages of full load on one span in Cases a and 
F, and in percentages of one point load in remaining Cases 8, c, D, and £ 


Table No. 12. Two Spans. 


Distributed ,, ° 48 


Loap OUTER SUPPORT 
A Dead load © 305 I°rt 
' B One point load 0 505 108 
c Two ,, 7 0°97 2'26 
D Three ,, a | 1 48 231 
5 Four ,, _ 1°95 2°48 
| 
| 


Table No. 13. Three Spans. 
oa Wie aie i, ofa Geko a ee nn ee en ne 2 | eee 

Casr l Loap OUTER SUPPORT PIER I 

A Dead load © 47 | 1°03 

B | One point load ° 545 1°103 

c | Two yy 1044 | 2°26 

D ' Three ” ” i 1 558 | 3°365 

B Four ,, “4 2°027 2°54 

F Distributed ,, °°49 wx 

| 


Table No. I4. Five Spans. 


Case. Loap PIER 2 
A | Dead load 0 992 
B One point load 0547 1174 I'I9 
c 1023 | 2"4r 2°382 
D 1°55 | 3°49 3°515 
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CHAPTER IX, 
HAUNCHES TO BEAMS. 


may be gathered It will be observed that the maximum positive and negative 
moments along the span are very dissimilar under the live loads, and immediately 

adjacent to the intermediate supports the negative moments are largely in excess. 
Provided there is no architectural objection to the introduction of large haunches at the 


Nees L study of the tables is recommended, for from them much useful information 


Combined Pasihve & Negative 


piers, the insertion of haunches properly considered as part of the increased depth of the 
beam at the supports forms by far the most economical and satisfactory method of dealing 
with the excess of negative moment previously mentioned ; as the portion of the beam between 
the haunches may now he designed to suit the lower limits of positive and negative bending 
moment as given in the tables, 
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Where the angular haunches are considered objectionable for the reason aforesaid, or 
other reason, the best solution of large span rectangular beams with heavy loads is undoubtedly 
to make the soffit of the beams curved. The particular curve best suited to any particular 
case may be found by combining both positive and negative moments due to dead and live 
loads combined in one diagram on one side of a base line, and joining up or including the 
limiting points so obtained; Fig. 6 shews one inner span of a series of five, with 4 point 
loads in which, however, the dead load has been omitted. By joining the points of 
limiting maximum B.M. we obtain a curve which gives the necessary covering depth of heam 
at any point in the span, and if these depths are expressed in terms of the maximum by drawing 
a horizontal line between the piers and through the points of maximum moment in each 
case, the desired curve of beam is obtained by first determining the maximum section at the 
pier to suit the B.M. and shear at that point Where it 1s permissible to use T beam action 
in the beams, thts 1s of course not true ; and it 1s then necessary to calculate the required 
depth of beam at several points in the span, and strike a curve passing as far as possible 
through the points so found 

By plotting the shear diagrams, both positive and negative on the same base line, we 
get the limiting shears to be carried at any section; and these must be checked on the curve 
of beam found for the bending moments; the points a being the critical points 

It will also be observed from the tables and diagrams that the distances from the centres 


of piers to which the haunching must be carried out to meet the foregoing suggestions is” 


in every case something much less than o1 of the span in rectangular beams, and less than 
o'r in T beams; a requirement which can be met without difficulty 

It 1s very general to allow moderate haunches to important beams, without, however, 
taking full advantage of them, as outlined above ; the additional cost of making such allowed 
haunches into fully efficient ones 1s almost negligible, and by doing it a considerable economy 
can in many cases be effected Another advantage of increasing the depth of the beams at 
the supports is that, if this 1s done, there will be no difficulty in providing room for the steel 
coming from opposite directions in the beam to pass on the top of the beam at the supports. 
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CHAPTER X. 


EFFECT OF SUBSIDENCE OF SUPPORTS, 
PREVIOUSLY ASSUMED RIGID. 

F the supports of a series of continuous beams, originally set to the contour of the beams 

| in their normal unstrained condition, should subside unequally relatively to one another, 
then the bending moments and shears undergo considerable change, according to the 
‘ amount of subsidence. 

In the case of main beams running into columns it can reasonably be assumed that the 
intermediate columns are rigid (che actual relative diminution in length of any two columns 
due to compression being negligible), as great precautions are generally taken to ensure 
moderate ground pressures in the case of column footings. 

The case is, however, very different with secundary beams supported on main beams, or 


slabs supported on secondary beams. 


The main beams supporting the secondary beams have only a certain limited degree of 
stiffness, and if we assume, for the sake of example, that the main beams will deflect id of 


LZ jE Me ig 


ZL 


Fig Z 


their span, we shall see that this deflection or subsidence, in the case of unequal loading on 
the secondary beams, will have an effect upon the resulting moments and shears in those beams. 

Considering a series of two 16’ 0 spans of secondary beams, if we allow the centre 
support to sink 0°3” in relation to the outer adjacent supports, it will be equivalent to 
offsetting the amounts of the theoretical moments for two continuous spans by an amount 
due to considering a span of secondary beam equal to two actual spans, or 32 feet, with a 
deflection of 03”. 

This will have the effect of reducing the tension in the upper surface of both the secondary 
beams over the main beam and of increasing the tension on the under side of both beams in 
the centre portions between the main beams. 

An example will be worked out to shew what is meant. Let us assume for simplicity 
that a steel beam 16”x 6”x 62 Ibs. per ft. is continuous over two spans of 16’ 0” each, and 
is loaded with a similar load to that of the secondary beams in Chapter XIV. 

If we assume rigid supports, the bending moment diagram is as shewn in Fig. 7. 
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If now the centre support sinks away entirely, the bending moment diagram is as shewn 
in Fig, 8, or if, on the other hand, the centre pier elongates or rises considerably, or the two 


fig 6. 


end supports sink entirely, then the bending moment diagram would be as shewn in Fig. 9. 
In the case of the secondary beams under consideration, it is obvious that these extreme 


Fig 9. 


conditions do not apply, since our subsidence is small. It is necessary, therefore, to, determine 
what effect the given subsidence will have upon the bending moment diagram, Fig. 7. 
The bending moments are measured by the elastic deflection of the beam, and if we wish 
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to find the change in bending moment effected by a subsiden’e of the centre support, we must 
consider the elastic deflection 

The span = 16’ 0” in case of Figs 7 or 9, and 32 ft in case of Fig 8B 

The moment of inertia of the beam is 725 7 inch units 

The deflection of main beam 1s 0 3” 


In Fig 6 the bending moment at pier 1s 


Ibs 
SEGUE sea ke 


7 = 622,080 inch-pounds 
and the top flange stress equals 


’ 622,080 x 8 06 tons per'sq” mn tension 
7257 X 2240 pace Ma oes pat eh ely 
It we now assume that the centre pier has sunk as in Fig 7, and the two end spans are 
acting as one of length 32’ 0”, then the bending moment equals 
2 
aaa = 2,488,320 inch-pounds 


and the flange stress equals 


2,488,320 x 8 
5a5y x 440 = 1224 (compression in tons per sq. in. tn top flange) 


and the corresponding deflection will be 


iS een erage 42 eer na ests 


a 
24 x 13,000 x 16 


therefore the centre support miust sink 1 8” before this derived stress of 12 24 tons per sq in 
can be reached 
If now, on the contrary, the end supports have sunk-relatively to the centre support, then 
the stress again will be 12 24 tons per sq in tension in the top flange, and the corresponding 
deflection will be 
1299 x 16) x2 x f2 


2 X 13,000 x 16 mt ehey 


therefore the end supports must sink 1 08” relatively to the centre support before the derived 
stress of 12 24 tons per sq in can be reached 

The change of stress from + 12°24 tons persq in to — 12 24 tons per $q in requires 
a total difference or range of subsidence of 1 8 + 1 08”, which equal 2 88” 

These changes take place in the same proportion for any subsidence between these limits, 
and therefore if we are dealing with a deflection of the centre support of 0 3” the tensile stress 


in the top flange over the pier will now become 12 24 — se wae *) = — O51 tons 
per sq. in as compared with 3°06 tons per sq in in Fig 6 


* This result may also be obtained from the formula ee = 18" 
384 ET 


+ This result may also be obtained from the formula wT = 108 
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With the deflections usually obtained‘in continuous reinforced concrete beams ranging 
from = to as of the span, it will be found that the deflection of one beam relative to the 
next 1s small, being only the difference between the deflection of the main beam where the 
load leaves off and the deflection in the next main beam covered by the load; and this 
difference 1s only about one-half of the actual maximum deflection 

In the foregoing numerical example a stcel beam 1s assumed for simphiecity, but a reinforced 
concrete beam may be taken as a parallel case 


Ie will be observed that for medium or long spans of secondary beams, with deflections of 
main beams of less than or of their span, the increase in stress 1s not serious, amounting to under 


§ per cent in normal cases, and may be ignored except in the case of very short spans of 
secondary beams or slabs, where the deflection ts likely to be greater in proportion * 


But tf the deflection 1s considerable, as much as = of the span of the main beam, then the 
negative bending at the pier may be reduced very considerably, and the positive moments in the 
centre portion increased to a corresponding degree This points to the necessity for great 
stiffness in the main beams, and the author 1s of opimon that the permissible deflection therein 
should not exceed — of their span, when the effect of this deflection upon the secondary beams 
may be ignored + 

Coming now to the question of the slab, we see that not only is there the deflection of the 
secondary beam to consider, but the main beam also deflects. The result 1s therefore worse in 
the case of slabs than 1n secondary beams The deflection too in the case of secondary beams is 
greater in proportion than the main beams and seriously affects the assumption of mgid 
supports Whereas the effect on secondary beams 1s, generally speaking, below 5 per cent, the 
effect on slabs 1s more hkely to be anything from 15 to 20 per cent , and allowance should be 
made in designing slabs to meet this effect. 


2 
In the opinion of the author the usual assumption of — for the moment at the support 


and at the centre of the span of slabs 1s therefore sufficiently near for practical requirements 
where the supports are liable to deflection, as 1s the case with secondary beams, Where 
the supports are more or less rigid this moment 13 not sufficient, and in the case of slabs 
running over walls of short height, for example, the full theoretical moment should be allowed 


* Considering 2 spans, as per Fig. 7, a deflection of ggg of the span would give about 10% 
decrease in negative moment, and the increase in positive moment would be about 5% When there are 
several spans this mcrease will be shghtly smaller, and will m fact be found to be less than 5°/, for 
deflections of main beams of yggq of their span It should be remembered that the main beams are 
generally of smaller span than the secondary beams, though this 1s not always the case 

t The deflections given are considered as being caused by the total designed load, and may be 
exceeded if under a test load greater than this amount. 
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CHAPTER XI. 


ASSUMPTION OF POWER TO MEET AN ARRANGEMENT 
OF BENDING MOMENTS BY AN INFINITE NUMBER 
OF ARRANGEMENTS OF RESISTING MOMENTS. 


to any arrangement of loading, it has been contended that if the centre portion of 

the beam is made stronger than is required to meet the theoretical bending moments 
there, then the resisting moments at the piers need not be made strong enough to carry 
the theoretical bending moments at that point, but may be reduced by an amount dependent 
upon the excess of strength in the centre position. 

In other words, if we increase the length of the virtual detached span in the centre, 
we can decrease the length of the cantilevers at the sides; or, conversely, if we make the 
resisting moments at the piers stronger than is necessary to meet the theoretical moments 
there, we can reduce the strength of the resisting moments in the virtual detached span in 
the centre, by an amount dependent upon the excess of strength in the cantilever portions ; 
or, in other words, we decreage rhe length of the virtual detached span in the centre. 

The following Figs. 1o%and 11 will show more clearly what is meant. 


Ara that che moment of inertia is constant and taking the critical moments due 


In Fig. 10, on the assumption of constant moment of inertia, the virtual span is 0°578 L 
in length, if all spans are loaded with distributed load and each cantilever o-211 L in length, 


‘ , w L? 2 . 
in order to give the theoretical moments -.-~ and wl respectively. 
2 12 


If, however, as in Fig. 11, we transpose these moments, the corresponding virtual spans 
become 0'8164 L and 070918 L. at each pier. 


In other words, the bending moments can be met in an infinite number of ways between 


the limits of a single span of length L, with a bending moment — (if we assume the 
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L 


span cut through at the pier) and two cantilevers with spans = each and bending moments 
w lL? 


each (if we assume the beams cut through at the centre of the span); and each of 


these would carry the loads. 


Feigoll. 


In considering the theory, however, ic must be borne in mind that if we assume spans 
equal to L and cur at the piers, and provide a resisting moment accordingly, there will be 
some slight moment at the pier and cracks will develop there until the beam is released 
and free to act as a simple beam, which it would then do, carrying the full bending- moment 


2 
w . ¥ 
of = in the centre and o at the piers. 


It must also be borne in mind that the cantilevers have to be balanced, which (so as 
not to rely upon any load on the adjoining spans) would require a negative resisting moment 
in the adjoining spans, these beams suffering negative flexure and bending moment. 

If we assume, as in Fig 10, that at the points of contrafléxure we were to arrange the 
beam so that it was equivalent to being hinged there, the detached portion taking a moment 


2 2 : 
of ae and each cantilever a moment of Bakes we should have complied with all require- 


ments for that particular loading. 

If we deal with Fig. 11 in the same way, by altering the points of contraflexure to 
new positions nearer the supports, we should have again met all requirements for that 
particular loading, and it has been put forward that if any continuous beam spanning between 
two supports is capable of being split up into two cantilevers and a detached span, the 
resisting moments of which are capable of carrying the bending moments equivalent to the 
actual theoretical moments, then we may consider the beam sufficiently strong, apart from the 
fact that the theoretical moments on the assumption of constant moment of inertia are not met. 

The following Fig. 12 shews the bending moment diagram for one detached span of a 
series, loaded with 4 point loads, erected upon a base line x x. 

If we now raise this base line so as to occupy any position above this line such as 
AA, 8B, CC, either horizontal or inclined, and the resisting moments of the beam are 
arranged to equal the resulting moments and shears given by the diagrams so formed, then 
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it 13 suggested that the beam will carry the required loads, always assuming that the necessary 
resisting moments or the equivalents are provided in the adjoining spans 

Tests have been made in support of the foregoing theory, but the author does not in any 
way consider that they have shewn it to be true, and 1s inclined to think that the long arm ot 
coincidence has had a good deal to do with the results, and the deflection of supporting beams 
still more 


by hy 


Ltg 12. 


The difficulty of dealing with the dead load and live load at one operation is very great, 
and for that reason they have been dealt with as two separate and distinct loads in the 
diagrams and tables in this book By this means accurate results can be obtained, and it can 
be readily scen to what extent the dead Joad offsets reversal of stress by making calculations in 
the form of Fig, 5. 

Speaking generally, in the case of all main beams and secondary beams of the requisite 
stiffness and having moderate deflections of under sas of the span, and in cases of slabs 
supported on comparatively rigid supports, the author 1s of opinion that the bending moments 
and shears given in the diagrams and tables should be adopted, as, not only can greater 
economy be effected by so doing, but greater safety can be secured by the avoidance of as 
many unjustifiable or doubtful assumptions as possible. ; 


CHAPTER XII 


TEST LOADS ON COMPLETED STRUCTURES 
Pr | NHE whole question of testing parts of a complete structure 1s very unsatisfactory 


Firstly, 1t 1s obvious that the most important members 1n a structure are the columns 
(if any), and with, perhaps, the exception of top lengths of columns supporting roofs, 

and water loads carmed on columns, as in the case of water towers, &c , 1t 18 practically impos- 
sible to test them at all 

To test a slab 1s a fairly simple matter, and generally 1s done easily enough, though 1t 
should be observed that it 1s necessary to test a sequence of slabs with various arrangements of 
loading before the test can be considered a satisfactory proof of its strength under all conditions, 
the maximum stresses being obtained by loading alternate bays with hive load A careful study 
of diagrams 1-39 will shew what ts necessary in this respect 

Coming now to the question of secondary beams, it is necessary to load two complete 
adjacent bays of slab before we get our required load on them, and all the possible arrange- 
ments of loading must be applied as in the case of the slab before the test can be considered 
as in any way conclusive 

Next, considering main beams, it will be seen of course that we have to employ a very 
large loaded area, amounting to a full panel of secondary beams on either side of the main beams 
under consideration Then again, as in the case of the secondary beams and slabs, 1t 1s 
necessary to try all the various arrangements of loading on a sequence of spans before the test 
can be considered as conclusive It 1s not suggested in the foregoing remarks that the tests 
usually adopted do not entirely in some cases, and in some few particulars in all cases, give 
useful results , but it 1s believed that the results obtained aie inconclusive 

Without this variation in loading it 1s quite impossible to speak definitely upon the 
strength of the work, and as such elaborate tests are hardly ever carried out on any large scale, 
on the score of the great expense entailed (except, perhaps, in the case of moving loads), the 
only conclusion to be drawn 1s that 1f the money spent in testing completed work by loading 
as at present cared out were devoted to extra supervision during construction, and extra 
tests of concrete were made while the work was going forward at the site, the results would 
stand a good chance of being better for the same expenditure 

In certain important cases, however, these rather expensive tests mentioned might be 
advantageously undertaken 
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CHAPTER XIII. 


COMPARISON OF TABLES AND DIAGRAMS WITH 
TESTS ON COMPLETED STRUCTURES 


URING trogir and part of 1912 certain tests weie made in America upon completed 
D buildings, with a view to determining the actual stresses in various members of 
the structures 

These tests were carried out by the Committee of Reinforced Concrete of the National 
Association of Cement Users of America, and, as far as they go, give some inte1esting results 

They are not in themselves complete, and it would be of inestimable value to the profession 
generally if further tests were carried out (which it 1s to he hoped will be done) upon similar 
lines, but with a complete arrangement of all the possible critical cases of loading 

The tests measured extensions or compressions in the steel and conciete under increasing 
loads on a number of consecutive panels of floors, and also the resulting deflections at various 
points in the beams Special care was taken in the measuring instruments to make the readings 
as accurate as possible, proper allowance being made for temperature 

The floors, which were similar to Case c in the tables with main beams carrying two 
Lgl: 
ss 12 
and at the centre of the spans, and the resulting stresses are compared with chese assumed 
bending moments 

The results as they stand are not conclusive, but bearing in mind the particulars of the 
design, and the methods of observation which have a direct influence upon the results, they may 
be taken as giving a general indication of the results to be expected Much credit 1s due to 
those responsible for the tests, and when the final report 1s issued it will be of considerable 
interest The tests apply chiefly to the secondary beams, the test on the main beam being 
incomplete 

The beams were loaded with distributed load over thrce adjacent spans, the loads being 
applied first on the centre span, and secondly on all three spans The beams were of constant 
depth, and were so arranged as to have the amount of steel in the bottom at the centre of the 
span twice the amount of the steel over the supports, the span of secondary beam being 20 0”, 
and main beam 15/ 0” 

The following Tables 15 and 16 shew the figures derived from the tests, and the 
theoretical figures, in which the ends of the beams are assumed first free and then fixed 
40 per cent, derived from Tables Nos 8 and 11 

Tt will be scen that there 1s considerable divergence between the results, which, however, 
can to some extent, if not entirely, be explained 

Table 15 deals with an intermediate beam running into a main beam, and Table 16 
deals with a beam running into a column, and the effect of the extra rigidity of the supports 


secondary beams, were designed with certain assumed bending moments of at the supports 
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1s clearly shown by the greater moment at the end of the beam in Table 16, and conversely 
the effect of the subsidence of the supports is shewn by the decrease of moments at the ends 
of the beam in Table 15. 

The effect of the subsidence of the supports has been touched upon, and it is obvious 
that this subsidence of the main heams is in a great degree responsible for the difference, as 
the positive moments are found to be greater than the negative moments in the tests in 
Table 15, which 1s the opposite to the theoretical calculation; but in accordance with the 
assumption upon which the beams were designed 


Table No. 15. 
w L2 
12 


Beams designed for B.M. = at support and at centre of span = 0083 w L?2. 


INTERMEDIATE SECONDARY BEAM 
B Ms. expressed 1n terms of ze L? 


Test Ne 1 Test NO 2 | THEORETICAL CALCULATION 
Derived B Ms Denved B Ms 7 B Ms 


| From From From 
| Steel Steel Concrete Free ends Fixed ends 
Stress Stress Stress - 
~~ | LS ea a 
End of beam. | O 037 O07 0 094 0 0898 
{ 
| 
Centre of beam | 0 06 0077, |; © 0684 0 0614 
1 


NOTE —The tests Nos 1 and 2 were on different buildings, having similar arrangements of beams 


Table No. 16. 


SECONDARY BEAM RUNNING INTO COLUMNS 
B Ms expressed in terms of w L?*, 


THEORETICAL CALCULATIONS 
B Ms 


Test No 2 
Denved BMs 


Test No 1 
Derived B Ms 


Trom From From 
Steel Concrete Stecl Free ends Fixed ends 
Stress Stress 
End of beam 0°094 0 0898 


0°0684 


Centre of beam 


In considering the effect of subsidence of supports in Chapter X., it is pointed out ‘that, 
with moderate deflections, an increase of about 5% in the posttive moment is all that need 
be anticipated in the case of secondary beams; but in comparing the positive and negative 
moments as we are doing at present this result will be exceeded, as not only are we increasing 
the positive moment but we are decreasing the negative moment also. 
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CONTINUOUS BEAMS IN REINFORCED CONCRETE. 


Possible further causes of difference are the increase of — BM at the supports for the 
w I? 
dead load which was taken as 


instead of a greater amount, the arching action of beams 


under load, about which nothing 1s at present known, and the tensile strength of the concrete 
Care was taken in the tests that the actual load applied was of such form as to prevent 
any possibility of arching action in the load itself 

One peculianty of the tests 1s the fact that the bending moments deduced from the 
stresses in the concrete are greater than those deduced from the stresses in the steel, suggesting 
arching action in and tensile strength of the concrete, and pointing to an excess of steel 

The beams were calculated as T beams, the width of flange table being taken as the full 
width between the centres of beams This was proved to be justifiable in the case under 
test, where the width of slab between beam faces was about thirteen times its thickness, the 
measured stress in the concrete being constant throughout the width,* 

In comparing the tests and the calculations, the dead load of 75 lbs per sq ft has been 
worked out and combined with the live load of 400 ibs per sq ft to arrive at the results 
and the bending moments are expressed in terms of w 1? 

The approximate deflection of the secondary beams as tested 1s shewn in Figs 13 and 14, 
and from them will be seen the deflection of the main beams also 

This measured deflection, it will be noticed, 1s given as = 0 at the main beams next 
to the loaded spans; the reason the foregoing theoretical calculations are taken as for five 
spans being that it would suit the case of three bays loaded; in addition to which the 
difficulty of measuring the deflection of main beam =o may have rendered this a trifle 
inaccurate, or possibly if the column was stiff in proportion to the beam, the column may 
have suffered bending moment 

In calculating the bending moments from the observed stresses, the ratio of the moduli 
of elasticity of steel to concrete was taken as 10 in test No 1, and 13 1n test No 2, the 
stresses being worked out on the assumption of a straight line stress strain curve, which 1s 
probably accurate for the lower stresses, though a parabolic curve probably more nearly 
expresses the relationship in the higher limits of stress.t 


* The recent Report of the RI BA gives 15 times the thickness 
+ The information as to these tested results 1s to be found in Angineernng News, April 18th, 1912 
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CHAPTER XIV 


EXAMPLES OF APPLICATION OF TABLES AND DIAGRAMS 


i ET us assume that it 1s required to find the designing moments and shears on the 
centre one of a series of five mun beams with free ends, each 25’ 0” span, loaded 
with a hve load of 2 cwt per sq. ft, the beams being 16’ 0” apait and carrying 

‘secondary beams 5’ 0” apart, equally spaced, giving 4 point loads on each main beam, there 

being many spans of sccondary beams 
Live Load,—Taking the moments and shears due to the live load first, we have each 

point load = 2 cwt x 112 ]bs x 16 ft x § ft = 17,920 lbs 
The simple free bending moment for a detached span at point 04 from pier 1s 

3,225,600 inch-pounds 

Referring to Table No 8 and Case z, we find that the maximum positive bending moment 


at the centre 1s 65 % of the simple free bending moment which equals <3 X 3,225,600 = 


toughly 2,110,000 inch-pounds, and so on in hike manner for the remaining positive and 
negative moments throughout the span 

Each point load on the beam 1s 17,920 Ibs ; and refermng to the same Table 8, Case z, we 
find the percentage multipher for the maximum negative shear = 2 41, and giving 241 x 
17,920 Ibs = 43,200 Ibs~roughly, and so on in hke manner for the remaining negative and 
positive shears throughout the span 

Dead Load.—Having obtained the live load moments and shears, the next step 1s to 
roughly approximate the sections of the beams and slabs, so as to obtain the approximate weight 
of the equally distributed dead load, which in the present case we will assume as 100 lbs 
per sq ft 

The simple free bending moment at the centre for a detached span, considering the total 
load as being equally distributed, 1s 1,500,000 inch-pounds, and referring to Table 8, Case a, 
for dead load on all spans, we find the maximum positive moment at the centre 1s 37°/, of 


the maximum simple free bending moment at the centre, which gives Jr X 1,500,000 = 


555,000 inch-pounds, and so on m hke manner for the remaining positive and negative 
moments throughout the span 

The total load on the beam 1s 25 ft x 16 ft. x 100]bs = 40,000 Ibs, and if we 
multiply this amount by the percentages piven for the shears, we find the maximum 
negative shear equals 40,000 Ibs x 05 = 20,000 Ibs, and so on in hike manner throughout 
the span for the remaining negative and positive shears 

Designing Moments.—The next step 1s to add up the hive and dead negative moments 
and shears and the lve and dead positive moments and shears as shewn in Fig 5, and if 
on designing the section of beam tt is found to be appreciably larger than that assumed 
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CONTINUOUS BEAMS IN REINFORCED CONCRETE. 


for the purpose of calculating the dead loads, the necessary adjustment must be made ; a little 
practice, however, will allow of sufficiently accurate approximations being made at the first 
attempt. 

Referring to table in Fig 5, it will be noticed that the algebraic sum of positive and 
negative moments and shears is made, and the correct designing moments and shears are 
derived, the correct amount of reversal of stress being thus obtained 

In the foregoing figures no allowance has been made for increased reactions on the main 
beams from the secondary beams, and Chapter V. should be referred to for the necessary 
particulars, If it 1s decided to consider an increase of 10 °/, on the main beams due to live load 
and 13 ‘/. due to dead load, as per Example 5, Chapter V , the revised figures would become 

+ BM, live load = 2,110,000 x 11 = 2,321,000 inch-lbs 

— Shear ,, ,, = 43,200 x I°T = 47,520 lbs 

+ BM. dead load = 555,000 x 113 = 627,150 1nch-lbs 

—Sher , » = 20,000 x 1°13 = 22,600 Ibs, 
and so on for the remaining moments and shears throughout the span 

This is on the assumption, as previously explained, that the beams are stiff in relation to 
the columns, and that the columns are acting as props only, and not carrying any bending 
moment 
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APPENDIX I. 


THEOREM OF THREE MOMENTS: GENERAL CASE 


We have, on page 4, the following statements -— 


ha =e 


M, = M,( ) + M,=— m 


and also M, = M,— + M, (= ~ =) - ™ 


Also work done in bending beam across the two spans 


“ey { [SP az) + [Oey } 


Here (M,)? is a function of M,, and M, 1s a function of M,; therefore 
da (M,)? = d (M,)? aM, x 
“dM ~ d(M,) * d(M,) = ?™Ms x 
oe ek PURE ee } 
A A a! 
since M, is the only variable in the expression for M, 


Similarly ate = a{m,2 + M,(2= =) - m }#=* 
§ 
{ 


dM,.. 


d 
therefore th ae 


LA (0 AG + Me - mE GY 


which 1s the general expression from which any case can be solved 
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CONTINUOUS BEAMS IN REINFORCED CONCRETE. 


Assuming I to be constant and multiplying out 


Gree crea ce Rare 
nds {me - a + 2?) i eases — 2%) ida) - fim 2z 


(d2)} 
Integrating for M, and M,, but not m, and m,. 


M, ae he x (dz) 


eee =) +m(= F-5)-Lf'mo-aea| 


In the limit, when x becomes a and z becomes B 


Nyt Mee _* fom x (2) = _ Mia x © fmt (3 — z) (dz) 


On collecting, we have 
M,a + 2M, (a + 3) + Mya = ¢ fami RESUS CES ACLs 


etc, etc., as in text, page 4. 
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